The refractive indices of ordinary and extraordinary waves (n o and n e ) of congruent LiNbO 3 (CLN) in the terahertz (THz) band are measured at different temperatures. Extended Cauchy equations are proposed to describe the temperature-and frequency-dependent refractive indices. With less than 0.5% deviation, both n o and n e can be obtained accurately. The values of n o and n e are ~7 and ~5.4, respectively, which are much larger than those in the visible band. The extremely high birefringence (~1.6) may lead to some interesting applications of linear, electro-optic, and nonlinear optical effects of CLN. As an example, true zero-order THz waveplates (WPs) could be obtained with considerable low loss based on thin CLN wafers. The working frequency can be tuned by changing the environmental temperature. Moreover, wide bandwidth achromatic THz WPs were also achievable by stacking four CLN wafers together with precise orientation control. 
Introduction
Terahertz (THz) waves, having frequencies between those of microwaves and infrared light, typically are defined as electromagnetic waves in the frequency band of 0.1-10 THz. THz waves are absorbed by water and can penetrate most dielectrics and semiconductors. Thus, they are suitable for various applications in biology and medical sciences, nondestructive evaluation, and quality control [1] . With higher carrier frequencies, THz light is also a promising candidate for high-capacity wireless data transmission [2] . As a result of the increasingly important applications of THz waves, some impressive attempts to generate THz sources have been carried out using difference frequency generation, optical rectification, and photoconductive antennas [3] [4] [5] [6] . It is also important to control THz waves with some basic units of THz systems, such as waveplates (WPs), attenuators, routers, and absorbers. Developing methods to tune these devices through external control of environmental conditions will make their use more practicable.
As one class of the basic devices of THz systems, THz WPs have been studied in two configurations. One is the achromatic WP, which promises applicability across a wide frequency band. Achromatic THz quarter-wave plates (QWPs) have been produced using six birefringent quartz plates stacked together or based on a silicon grating [7, 8] . Given a ± 3% variance of phase retardation, the devices show wideband features. The other configuration is the tunable WP, whose working frequency can be changed by modulating external factors, such as the electric field or temperature. In 2015, Wang et al. proposed tunable liquid crystal terahertz WPs [9] . A THz half-wave plate (HWP) with a thickness of ~250 μm can be obtained above 2.1 THz. However, at lower frequencies, such as 1 THz, the thickness of the liquid crystal layer must exceed 500 μm, which is too thick to fabricate. Therefore, it is necessary for the fabrication of tunable THz WPs to propose a new design based on a suitable material.
Considering the optical counterparts, a simple wafer of birefringence crystal can serve to form THz WPs. Among commonly used optical materials, LiNbO 3 , a uniaxial crystal, is known as "the silicon of photonics." In both the visible and near infrared bands, it displays versatile attributes, such as nonlinear properties, electro-optic effects, and piezoelectric effects [10] [11] [12] [13] . It also has been used for generating THz waves [5, 14] . Some previous studies have examined the refractive index of stoichiometric LiNbO 3 , congruent LiNbO 3 (CLN), and MgO-doped LiNbO 3 [15, 16] . When the refractive indices of ordinary and extraordinary waves (n o and n e ) are measured at several discrete temperatures, the fitting polynomials show temperature independence. Moreover, the studies do not discuss the values of the refractive index at temperatures higher than 30°C. Because the phonon resonance is quite different in the THz band, Sellmeier equations may be invalid, resulting in large deviations between the fitted and measured results [17] . To the best of our knowledge, temperature-and frequencydependent refractive index equations have not been reported.
In this paper, we first measured n o and n e of CLN from 0.5 THz to 1.5 THz at temperatures from 30°C to 130°C with steps of 10°C using a THz time-domain spectrometer (THz-TDS). The results were able to be well fitted by temperature-and frequency-dependent extended Cauchy equations. The result may represent the most accurate refractive index equation of CLN in the THz band because the largest deviation is less than 0.5%. Under normal conditions, n o is ~7 and n e is ~5.4; these values are quite impressive. The birefringence of CLN is also very large. Since CLN wafers are easy to polish to designated thicknesses and integrate with other materials, the large values of n o , n e , and birefringence may result in many interesting THz applications in the nonlinear and electro-optic regimes. Even a thin wafer of CLN can function well in THz WPs. The working frequency can be easily tuned by adjusting the environmental temperature. Achromatic and temperatureinsensitive QWP and HWP also could be obtained based on stacked wafers with bandwidths up to ~1.4 THz and ~0.9 THz, respectively.
Extended Cauchy equations in the THz band
X-cut CLN of 500 μm thickness was used for measuring n o and n e simultaneously using the polarization module of a THz-TDS (TAS7500SP; Advantest Corporation, Tokyo, Japan). A THz pulse with a wide frequency range was generated. Then the pulse passed through the CLN sample and interacted with another pulse in the detector for sampling and digitizing. Fourier transform infrared spectroscopy (FTIR) is also an established technique. However, based on current technologies, FTIR spectroscopy usually gives better results with frequencies in excess of 10 THz, while THz-TDS is preferred when the relevant frequencies are below 3 THz [18] . Since the frequency range we studied are among 0.5 THz to 1.5 THz, THz-TDS would be selected. The environmental temperature can be changed by using a homemade temperature controller providing stability of adjustments within ± 0.1°C. Because the results given by the THz-TDS were the averages of 512 repeated measurements, the effect of temperature variation can be neglected. During our measurements, the temperature changed 100°C in steps of 10°C. Fig. 1 , we see that both n o and n e increase at higher frequencies and temperatures. Normally, n o is ~7 while n e is ~5. 4 , showing a measure of birefringence of ~1.6, which is quite large. The birefringence is 15 times larger than the value for crystalline quartz, which is impressive. An examination in greater detail shows that n o changes faster than n e along with frequency if the temperature remains unchanged. For example, at 30°C, n o changes from 6.77 to 7.02 while n e changes from 5.19 to 5.28. However, if the frequency is held constant, n e increases faster than n o along with increases in temperature. For instance, at 1 THz, n o changes from 6.84 to 7.07 while n e changes from 5.21 to 5.53. The calculated value of Δn, where Δn = n o −n e , thus decreases along with increases in temperature when the frequency is held constant, shown in Fig. 1(c) . This relationship also means that Δn can be tuned actively by changing the environmental temperature.
At each of the 11 temperatures in ten-degree steps from 30°C to 130°C, the THz-TDS system measured 131 frequency points. The obtained 1441 data points thus are enough for fitting the dispersion formulas. Usually, in the visible and infrared bands, Sellmeier equations, which contain several terms representing absorption resonances at particular wavelengths, are utilized. However, the phonon resonances are quite different in the THz band. Depicted in Fig. 1 , the plots of the refractive indices vary slowly, along with temperature and frequency, without showing abrupt changes. There may be no phonon resonances in the measured THz band. Thus, the Sellmeier equations may be invalid in this range of wavelengths. We also found that CLN performed as a normal, dispersive material in the THz band. Thus, the traditional three-term Cauchy equations may be suitable for fitting n o and n e at different temperatures [19] . In this case, 
where A e,o , B e,o , and C e,o are polynomial coefficients. Here, υ stands for frequency in the units of THz. A e,o represents the low frequency limit, which is insensitive to the frequency. B e,o and C e,o are related to the variation trends of n o and n e with frequency at different temperatures. The corresponding coefficients at different temperatures are shown in Table 1 .
We then compared the fitted n o and n e with measured ones at 131 frequency points for each sampled temperature. Shown in Table 1 , most of the absolute differences between the measured and fitted values are no larger than 0.01, which means that Eq. (1) is quite suitable for temperature-independent refractive index fitting. A consideration of the counterparts of Sellmeier equations in the visible and infrared bands shows that the fitting equation contains the variates of wavelength and temperature. From this point of view, traditional Cauchy equations must be extended [19] . From Table 1 
where T and υ stand for temperature and frequency with units of Celsius and THz, respectively. Figure 2 shows the absolute values of deviation between measured n o /n e and the fitted values using the expressions in Eq. (3), that is, the extended Cauchy equations. Most of the deviations of the fitted values are less than 0.01. The largest errors of n o and n e are 0.0253 and 0.0216, respectively. The fitting in our work was more successful than results presented in previous reports [17] . Even in the less successful cases, the error of the fitting was lower than 0.5%. To the best of our knowledge, these results are the most accurate temperature-and frequency-dependent refractive index equations. The extended Cauchy equations can be used to calculate both n o and n e at specific temperatures and frequencies from 30°C to 130°C in the band from 0.5 THz to 1.5 THz.
CLN as a tunable THz WP
Based on the extended Cauchy equations, Δn can vary from 1.57 to 1.46, 1.64 to 1.53, and 1.75 to 1.64 at 0.5 THz, 1.0 THz, and 1.5 THz, respectively. Normally, Δn decreases by 0.11 with a temperature increase of 100°C. For the pth-order QWP, the thickness of the sample, d QWP , can be deduced from Δn×d QWP = (4p + 1)×λ/4. In the case of an HWP, the thickness of the sample, d HWP , follows from the relation Δn×d HWP = (2p + 1)×λ/2. If a 45°-polarized THz wave transmits through a 500 μm CLN, the polarization states will be changed. Some suitable frequencies for QWP and HWP can be calculated at 30°C and 130°C using the extended Cauchy equations, as shown Table 2 and marked by K 1 to K 4 in Fig. 3(a) . The birefringence of CLN is quite large. Thus, a very thin wafer of CLN can serve as a QWP or HWP. When the frequency is 1 THz, for example, the CLN wafer can be as thin as ~47 μm and ~94 μm for QWPs and HWPs, respectively. These configurations may have some integrated applications. Even though the absorption coefficient is relatively large [15] , the transmission efficiency is still considerable because a true zero-order WP is quite thin. Figures 4(a) , 4(b), 4(d), and 4(e) show the transmission efficiencies for true zero-order QWPs and HWPs in the directions of ordinary and extraordinary waves if only absorption loss is considered. At higher temperatures, the efficiency may decrease a little. Assessments of absorption losses at 130°C indicate that efficiencies are greater than 64% and 41% for QWP and HWP, respectively. These measures compare favorably to results for WPs using crystalline quartz. The conventional Fresnel reflection equation is probably invalid if the film thickness is far smaller than the wavelength, while further experimental verification is still required. Since the thicknesses of true zero-order WPs are still comparable with THz wavelengths in the sample. The Fresnel reflection equations may still be able to predict the reflection loss with fair accuracy. We found that the transmitted waves were not perfectly circular-polarized in the circumstances depicted in Figs. 3(c) and 3(e) and not perfectly -45°-linear-polarized in the results depicted in Figs. 3(d) and 3(f) . These outcomes may result from different absorption coefficients and reflection losses in different transmission efficiencies in the directions of ordinary and extraordinary waves. They also might be resolved if true zero-order WPs were used. We defined the transmission ratio ζ to be the ratio of the transmission efficiency of the ordinary wave to the transmission efficiency of the extraordinary wave. For examples of true zero-order QWP and HWP, ζ varies in acceptable ranges from 87% to 103% and 75% to 105%, respectively. Shown in Figs. 4(c) and 4(f) , ζ is close to 100% at lower frequencies, indicating the CLN may be more suitable for low-frequency WPs. Reflection losses can be decreased efficiently if anti-reflection layers are deposited on both surfaces of the sample, just as in the visible and infrared bands.
Discussions
This paper presents, for the first time, extended Cauchy equations for both n o and n e . Calculating the thickness of QWP and HWP based on CLN offers a convenient approach. State-of-the-art techniques employing the Czochralski method and polishing can yield X-cut CLN wafers 2 mm to 30 μm thick. Thinner wafers can be fabricated using crystal-ion slicing. Production of a 10-μm-thick sample was demonstrated [20] . Even submicron-thick CLN thin films have been commercialized and studied [21, 22] . Thus, WP based on CLN can be used for all THz bands in the frequency range from 0.1 THz to 10 THz. Moreover, even when temperature controllers are not in use, changing external electric fields can also serve as effective way to tune the refractive index and determine the center frequency of WP [23] . Another kind of tunable THz WP thus can be obtained by applying voltages through graphene electrodes.
Because CLN is quite sensitive to environmental temperatures, the center wavelength of the proposed WP can be easily tuned. However, in some other situations, achromatic WPs are preferred as previously mentioned. Masson and Gallot proposed a design by stacking six quartz plates together at different angles [8] . Therefore it is also desired to develop achromatic QWPs and HWPs based on CLN in the THz band. Here two constraints are employed in the calculation. Firstly, dephasing of 3% for QWP and 5% for HWP are the limits for achromatic QWP and HWP [7, 8] . Secondly, the wavelength should be within 0.5 -2.5 THz to ensure accurate extended Cauchy coefficients. By using genetic algorithm, we obtained optimized designs for achromatic WPs with only four CLN plates. The corresponding parameters are shown in Table 3 . Figure 5 shows the phase retardation versus temperature and frequency. If the temperature changes from 30°C to 130°C, the bandwidth varies from 1.37 THz to 1.40 THz for QWP while varies from 0.91 THz to 0.94 THz for HWP, indicating such devices are almost temperature insensitive. Table 4 compares previous proposals for WPs with our designs. It could be found that our design is compact and easy to fabricate, while with considerable wide bandwidth.
Note that, LiNbO 3 is famous for demonstrating nonlinear and electro-optic properties in the visible and infrared bands. In particular, by employing quasi-phase matching, periodically poled LiNbO 3 can achieve effective nonlinear frequency conversion and polarization rotation [24, 25] . At this point, however, few studies have focused on such topics in the THz band. The extended Cauchy equations can provide good references for designing domain structures. Rough estimates of the coherent length for second harmonic generation and polarization rotation at 1 THz are ~3 mm and ~100 μm, respectively. This structure can be fabricated easily using current techniques.
Conclusion
We make the first presentation of extended Cauchy equations for CLN, showing both frequency and temperature dependence. The equation shows a deviation of less than 0.5%, thus providing a reliable reference for CLN-related THz studies. Under normal conditions, n o is ~7, n e is ~5.4, and Δn is ~1.6. These results are quite impressive. Such large refractive indices may yield some interesting applications in the nonlinear and electro-optic regimes. Also, a thin wafer of CLN can work in temperature-tunable THz WPs. The transmission efficiencies of true zero-order QWPs and HWPs are higher than 64% and 41%, respectively. These measures of performance are comparable to those obtained for crystalline quartz. Also, four thin CLN wafers stacks with designed orientation could realize achromatic WPs with wide bandwidth. Our results give good references for THz related studies, showing potential applications in the future 
